On a monodromy theorem for sheaves of local fields and applications by Herrera, Jonatan et al.
ar
X
iv
:1
50
7.
03
63
5v
1 
 [m
ath
.D
G]
  1
3 J
ul 
20
15
ON A MONODROMY THEOREM FOR SHEAVES OF
LOCAL FIELDS AND APPLICATIONS
JONATAN HERRERA, MIGUEL ANGEL JAVALOYES, AND PAOLO PICCIONE
Abstract. We prove a monodromy theorem for local vector fields be-
longing to a sheaf satisfying the unique continuation property. In partic-
ular, in the case of admissible regular sheaves of local fields defined on a
simply connected manifold, we obtain a global extension result for every
local field of the sheaf. This generalizes previous works of Nomizu [26]
for semi-Riemannian Killing fields, of Ledger–Obata [24] for conformal
fields, and of Amores [1] for fields preserving a G-structure of finite type.
The result applies to Finsler or pseudo-Finsler Killing fields and, more
generally, to affine fields of a spray. Some applications are discussed.
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1. Introduction
The question of global extension of locally defined Killing, or confor-
mal fields of a semi-Riemannian manifold appears naturally in several con-
texts. For instance, the property of global extendability of local Killing
fields in simply connected Lorentzian manifolds plays a crucial role in the
celebrated result that the isometry group of a compact simply connected
analytic Lorentz manifold is compact, see [5]. Nomizu’s result in [26] is
often used in connection with de Rham splitting theorem to obtain that a
real-analytic complete Riemannian manifold M admitting a local parallel
field has universal covering M˜ which splits metrically as N×R, see [6, The-
orem C] for an example. Recently, the question of (unique) extensibility
of local Killing vector fields has been studied in the context of Ricci-flat
Lorentz manifolds, in the setting of the black hole rigidity problem, see [12].
The Killing extension property is also one of the crucial steps in the proof of
the extensibility of locally homogeneous Lorentz metrics in dimension 3, see
[7]. It is to be expected that an analogous extension property should play an
important role also for more general sheaves of local vector fields defined on
a differentiable manifold. The purpose of the present paper is to explore this
question in geometric problems that have not been studied in the literature
as of yet, like for instance in Finsler or pseudo-Finsler manifolds.
For a brief history of the problem, let us recall that the first result in
the literature, concerning the existence of a global extension of local Killing
fields defined on a simply-connected real-analytic Riemannian manifold, was
proved by Nomizu in [26]. The same proof applies to the semi-Riemannian
case. The question of extension of local conformal fields has been studied in
Ledger–Obata [24]. A more conceptual proof of the extendability property
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was proved by Amores in [1] for local vector fields whose flow preserves a
G-structure of finite type of an n-dimensional manifold M; here G is a Lie
subgroup of GL(n,R). When G is the orthogonal or the conformal group
of some nondegenerate metric on Rn, then Amores’ result reproduces the
classic semi-Riemannian or conformal case of Nomizu and Ledger–Obata.
Although the class of G-structure automorphisms is quite general, restric-
tion to those of finite type leaves several important examples of geometric
structures out of the theory developed in [1]. For instance, a Finsler struc-
ture on a manifold cannot be described in terms of a G-structure of finite
type. Moreover, it is interesting to observe that the sheaf of local vec-
tor fields whose flow preserves any G-structure has always a Lie algebra
structure (see Proposition 5.14), which seems to be unnecessary for the ex-
tendability problem we aim at. Thus, it is natural to extend the results of
[1, 24, 26] to arbitrary vector space valued sheaves of local vector fields.
The classical standard reference for global extensions of local objects is
found in elementary Complex Analysis, and it is given by the monodromy
theorem for holomorphic functions, see for instance [23, §10.3]. The two
essential ingredients for this theorem are:
• the unique continuation property of holomorphic functions on the
complex plane;
• a suitable notion of transport along curves of (germs) of holomorphic
functions, which is fixed-endpoint homotopy invariant.
The starting point of the theory developed here is the observation that these
two ingredients can be reproduced in the more general context of sheaves
of local vector fields on an arbitrary differentiable manifold (Definition 2.1).
This leads readily to the formulation of an abstract monodromy theorem
for a sheaf F of vector fields satisfying the unique continuation property,
which is discussed in Section 2. The result gives a necessary and sufficient
condition for the existence of an extension to a prescribed open set for a
given locally defined vector field (or, equivalently, for a given germ of vector
fields) in F. The condition is given in terms of existence of F-transport of
the germ along a family of curves (Proposition 2.4).
A different type of question deals with the existence of global extensions
of all F-germs, which is a property of the underlying geometric structure
associated with the sheaf F. Since transport is only a homotopical invariant,
it is clear that one has topological obstructions arising from the topology
of the manifold, which in our theory has to be assumed simply connected.
Having settled this, the next crucial observation is that a necessary condition
for the extension property in some sheaf F of local vector fields on a manifold
M, is that the space of F-germs must have the same dimension at each point
of M. Namely, if the extension property holds, then the space of germs at
each point has the same dimension as the space of globally defined vector
fields of the given class. This condition is called regularity in the paper
(Definition 3.6); the reader should be warned that this notion of regularity
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for sheaves of vector fields is different from the one given in reference1 [32,
Definition 1.3]. This leads naturally to a restriction to those sheaves of
local fields whose germs at each point span a finite dimensional vector space
whose dimension is uniformly bounded: these will be called bounded rank
sheaves. Our main abstract result (Theorem 3.8) is that, for a certain class of
sheaves of local vector fields, called admissible, defined on a simply connected
manifold, then the regularity condition is also sufficient to guarantee that
local fields extend (uniquely) to globally defined vector fields. By admissible,
we mean sheaves of vector fields that have two basic properties: bounded
rank and unique continuation, see Subsection 3.1.
A proof of Theorem 3.8 is obtained by showing that, for an admissible
sheaf F of local fields, the regularity assumption guarantees the existence of
transport of any F-germ along any continuous path (Proposition 3.7), and
then applying the monodromy theorem (Proposition 2.4). It is interesting
to observe that a somewhat similar proof, using a notion of transport of
1-jets, had been employed in the original article of Nomizu [26], using a
differential equation along smooth curves satisfied by Killing vector fields. In
the abstract framework considered in the present paper, no such differential
equation is available, and one has to resort to purely topological arguments.
As to the regularity assumption, which plays a fundamental role in the
statement of Theorem 3.8, in Section 5 we describe two situations in which
it is satisfied. A first important case where regularity holds is when the
sheaf is real-analytic, and defined by some differential equation with real-
analytic coefficients, see Definition 5.4 and Proposition 5.9. This applies in
particular to the sheaf of vector fields whose flow preserves a real-analytic
G-structure of finite type (Theorem 5.11). A second class of examples of
regular sheaves is described in terms of the transitivity of the action of the
associated pseudo-group of local diffeomorphisms, see Proposition 5.13. For
sheaves of Lie algebras, transitivity is equivalent to the weaker property,
often easier to check, that the 0-jets of the sheaf span the whole tangent
bundle, see Proposition 5.15.
The statement of Theorem 3.8 generalizes Nomizu’s result [26] for semi-
Riemannian Killing fields, of Ledger–Obata [24] for conformal fields, and
of Amores [1] for fields preserving a G-structure of finite type (G-fields).
Namely, the bounded rank and unique continuation property are easily
proven in the case of semi-Riemannian Killing fields and in the case of con-
formal fields; we show here that they hold in the general case of vector fields
whose flow consists of local automorphisms of a G-structure of finite type
(Section 4). It is worth mentioning that the case of G-structures of finite
type is studied here with methods different than the ones employed in [1].
More precisely, in the present paper we determine an explicit characteri-
zation of G-fields in terms of compatible connections (see Proposition 4.1),
which seems to have an independent interest. This characterization is given
1See Section 3.2 for the definition of regularity in reference [32].
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by a first order equation involving a compatible connection and its torsion,
and it admits a higher order generalization to characterize the jets of any
order of a G-field. A very interesting observation that can be drawn from
this approach is that the unique continuation property for local G-fields has
nothing to do with the analyticity. On the one hand, it holds for any G-
structure of finite order (see Proposition 4.4 and Corollary 4.5); on the other
hand, it may fail to hold for analytic G-structures that have infinite order
(see Remark 4.6).
The result of Theorem 3.8, however, goes well beyond the case of G-
structures of finite type, considered in [1]. The main example discussed
in this paper is the sheaf of local affine fields of a spray, see Section 8.
Recall that a local field on a manifold M endowed with a spray S is an
affine field of (M,S) if its flow preserves the geodesics of S. As a prepara-
tory case, we discuss two important special cases of sprays: Finsler and
(conic) pseudo-Finsler structures, see Section 6 and Section 7. In the case
of Finsler manifolds, we study also local conformal and almost Killing fields.
The special features of these two examples are investigated employing auxil-
iary semi-Riemannian structures: the average Riemannian metric associated
with Finsler metrics, and the Sasaki metric associated with (conic) pseudo-
Finsler manifolds. In Section 8, we will give a differential characterization of
affine fields of a spray in terms of the Berwald connection (Proposition 8.1),
and this will be used to show the admissibility of the sheaf (Proposition 8.2).
Regularity is also obtained in the analytic case using the differential equation
satisfied by the affine fields (Proposition 8.5).
2. An abstract extension problem for sheaves of local vector
fields
We will discuss here an abstract theory concerning the global extension
property for sheaves of vector fields on differentiable manifolds. Some of the
ideas employed here have their origin in reference [26], where similar results
were obtained in the case of Killing vector fields in Riemannian manifolds,
although our approach does not use differential equations. A central notion
for our theory is a property called unique continuation for sheaves of local
vector fields on a manifold.
2.1. Sheaves with the unique continuation property. Let M be a
differentiable manifold with dim(M) = n, and for all open subset U ⊂ M,
let X(U) denote the sheaf of smooth vector fields on U. By smooth we mean
of class C∞, although many of the results of the present paper hold under
less regularity assumptions. Given V ⊂ U and K ∈ X(U), we will denote by
K 7→ K
∣∣
V
∈ X(V) the restriction map.
For every connected open subset U, let F(U) ⊂ X(U) be a subspace, and
assume that this family is a vector sub-sheaf of X, namely, if K ∈ F(U) and
V ⊂ U, then K|V ∈ F(V) and if a vector field K ∈ X(U), U =
⋃
i∈IUi with
K|Ui ∈ F(Ui), then K ∈ F(U). Elements of F will be called local F-fields.
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We say that F has the unique continuation property if, given an open
connected set U ⊂ M and given K ∈ F(U), there exists a non-empty open
subset V ⊆ U such that K|V = 0, then K = 0.
The unique continuation property implies that, given connected open sets
U1 ⊂ U2 ⊂M, then the map F(U2) ∋ K 7→ K
∣∣
U1
∈ F(U1) is injective, and
therefore one has a monotonicity property:
dim
(
F(U1)
)
> dim
(
F(U2)
)
, for U1 ⊂ U2 connected. (2.1)
Given p ∈ M, we define GFp as the space of germs at p of local F-vector
fields2, also called F-germs at p. More precisely, GFp is defined as the quo-
tient of the set: ⋃
U
F(U),
where U varies in the family of connected open subsets of M containing p,
by the following equivalence relation ∼=p: for K1 ∈ F(U1) and K2 ∈ F(U2),
K1 ∼=p K2 if K1 = K2 on a non-empty connected open subset V ⊆ U1 ∩U2.
For K ∈ F(U), with p ∈ U, we will denote by germp(K) the germ of K at p,
which is defined as the ∼=p-equivalence class of K. It is easy to see that G
F
p
is a vector space for all p; moreover, for all p ∈M and all connected open
neighborhood U of p, the map:
F(U) ∋ K 7−→ germp(K) ∈ G
F
p (2.2)
is linear and injective, since if germp(K) = 0, then by definition there exists
V ⊆ U such that K|V = 0 and by the unique continuation property, we have
that K = 0. In particular, if two local F-fields have the same germ at some
p ∈ M, they coincide in any connected open neighborhood of p contained
in their common domain.
We will also use the evaluation map:
evp : G
F
p −→ TpM, (2.3)
defined by evp(g) = Kp, where K is any local F-field around p such that
germp(K) = g.
2.2. Transport of germs of F-fields. We will henceforth assume that F is
a sheaf of local vector fields that satisfies the unique continuation property.
We will now define the notion of transport of germs of F-vector fields along
curves. The reader should note the analogy between this definition and the
classical notion of analytic continuation along a curve in elementary complex
analysis.
Definition 2.1. Let γ : [a, b] →M be a curve, and let g be a distribution
of F-germs along γ, i.e., a map [a, b] ∋ t 7→ gt ∈ G
F
γ(t). We say that g is a
transport of F-germs along γ if the following holds: for all t∗ ∈ [a, b], there
exists ε > 0, an open neighborhood U of γ(t∗) and K ∈ F(U) such that
γ(t) ∈ U and gt = germγ(t)(K) for all t ∈ (t∗ − ε, t∗ + ε) ∩ [a, b].
2The space GFp is also called the stalk of the sheaf F at p.
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It is easy to see that initial conditions identify uniquely transports of
F-germs along continuous curves.
Lemma 2.2. If g(1) and g(2) are transports of F-germs along a continuous
path γ : [a, b] → M such that g
(1)
t∗
= g
(2)
t∗
for some t∗ ∈ [a, b], then g
(1) =
g(2).
Proof. The set A =
{
t ∈ [a, b] : g
(1)
t = g
(2)
t
}
is open, by the very definition
of transport, and non-empty, because t∗ ∈ A. Let us show that it is closed.
Denote by A the closure of A in [a, b], and let t0 ∈ A; let U be a sufficiently
small connected open neighborhood of γ(t0). There exist K1, K2 ∈ F(U)
such that, for t sufficiently close to t0:
germγ(t)K1 = g
(1)
t and germγ(t)K2 = g
(2)
t . (2.4)
Since t0 is in the closure of A, we can find t ∈ A such that γ(t) ∈ U and for
which (2.4) holds; in particular, the germs of K1 and K2 at such t coincide.
It follows by the unique continuation property that K1 = K2 in U, and
therefore g
(1)
t0
= germγ(t0)K1 = germγ(t0)K2 = g
(2)
t0
, i.e., t0 ∈ A and A is
closed. 
2.3. Homotopy invariance. We will now show that the notion of trans-
port of germs is invariant by fixed endpoints homotopies.
Proposition 2.3. Let F be a sheaf of local fields on a manifold M; assume
that F satisfy the unique continuation property. Let γ : [0, 1]× [a, b] →M be
a continuous map such that γ(s, a) = p and γ(s, b) = q for all s ∈ [0, 1], with
p, q ∈ M two fixed points. For all s ∈ [0, 1] set γs := γ(s, ·) : [a, b] → M.
Fix ga ∈ G
F
p , and assume that for all s ∈ [0, 1] there exists a transport g
(s)
of F-germs along γs, with g
(s)
a = ga for all s. Then, g
(s)
b ∈ G
F
q does not
depend on s.
Proof. It suffices to show that s 7→ g
(s)
b is locally constant on [0, 1]. Fix
s ∈ [0, 1] and choose N ∈ N, U1, . . . UN connected open subsets of M, and
Ki ∈ F(Ui), for i = 1, . . . ,N, such that, setting ti = a+ i
b−a
N
, i = 0, . . . ,N:
• γs
(
[ti−1, ti]
)
⊂ Ui;
• germγ(t)(Ki) = gt for all t ∈ [ti−1, ti],
for all i = 1, . . . ,N. Then, given s ′ sufficiently close to s, γs ′
(
[ti−1, ti]
)
⊂ Ui
for all i = 1, . . . ,N. This implies that the local fields Ki can be used to
define a transport g(s
′) of ga along γs ′ . In particular, g
(s ′)
b = KN
(
γ˜(b)
)
=
KN
(
γ(b)
)
= g
(s)
b . This concludes the proof. 
2.4. A monodromy theorem. We are now ready to prove the aimed ex-
tension of the classical monodromy theorem in Complex Analysis for sheaves
of local vector fields satisfying the unique continuation property.
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Proposition 2.4. Let F be a sheaf of local fields on a manifold M; assume
that F satisfies the unique continuation property. Let p ∈M be fixed, let U
be a simply connected open neighborhood of p, and let gp ∈ G
F
p be an F-germ
at p such that for all continuous curve γ : [a, b] → U with γ(a) = p, there
exists a transport of gp along γ. Then, there exists (a necessarily unique)
K ∈ F(U) such that germp(K) = gp.
Proof. Since U is simply connected, any two continuous curves in U between
two given points are fixed endpoints homotopic. This allows one to define
a vector field K on U as follows. Given q ∈ U, choose any continuous path
γ : [a, b] → U with γ(a) = p and γ(b) = q; let gγ be the unique transport
of F-germs along γ such that gγa = gp, which exists by assumption. By
Proposition 2.3, gγb does not depend on γ. Then, we set Kq := evq(g
γ
b),
where ev is the evaluation map defined in (2.3). It is easy to see that
K ∈ F(U), using the definition of transport. 
3. Admissible and regular sheaves
We will now study a class of sheaves for which every germ can be trans-
ported along any curve. This class is defined in terms of two properties:
rank boundedness and regularity.
3.1. Sheaves with bounded rank. We say that F has bounded rank if
there exists a positive integer NF such that:
dim
(
F(U)
)
6 NF,
for all connected open subset U ⊂M. Let us call admissible a sheaf which
has both unique continuation and rank boundedness properties. Examples
of admissible sheaves will be discussed in Sections 4, 6, 7 and 8.
Remark 3.1. Observe that admissibility is inherited by sub-sheaves.
Lemma 3.2. Let F be an admissible sheaf of local fields on M. Then, given
any p ∈M, there exists a connected open neighborhood U of p such that the
map (2.2) is an isomorphism. In particular:
dim(GFp ) = dim
(
F(U)) 6 NF.
Proof. Let us set:
κFp := max
{
dim
(
F(U)
)
: U connected open subset of M containing p
}
.
(3.1)
If U is any connected neighborhood for which dim
(
F(U)
)
= κFp , then the
map (2.2) is an isomorphism. This follows easily from the monotonicity
property (2.1). 
From Lemma 3.2, we have the following immediate semi-continuity result
for the map κF:
Proposition 3.3. Let F be an admissible sheaf of local fields on M. The
map M ∋ p 7→ κFp ∈ N is lower semi-continuous.
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Proof. Given any p ∈ M, let U be a connected open neighborhood of p as
in Lemma 3.2. Then, κFp = dim
(
F(U)
)
6 κFq for all q ∈ U. 
We will assume henceforth that F is an admissible sheaf of local fields on
the manifold M.
3.2. F-special neighborhoods. A connected open neighborhood U of p as
in Lemma 3.2 will be said to be F-special for p. If U is F-special for p, then
given any gp ∈ G
F
p there exists a unique K ∈ F(U) such that germp(K) = gp.
Observe that the number κFp defined in (3.1) is also given by:
κFp = dim(G
F
p ).
Lemma 3.4. Let F be an admissible sheaf of local fields onM. The following
statements hold:
(i) If U is F-special for p, and U ′ ⊂ U is a connected open subset con-
taining p, then also U ′ is F-special for p. In particular, every point
admits arbitrarily small F-special connected open neighborhoods.
(ii) Assume that p ∈ U and that κFq is constant for q ∈ U. Then, there
exists U ′ ⊂ U containing p which is F-special for all its points.
Proof. For the proof of (i), note that if p ∈ U ′ ⊂ U, with U ′ connected,
then:
κFp > dim
(
F(U ′)
) by (2.1)
> dim
(
F(U)
)
= κFp ,
i.e., κFp = dim
(
F(U ′)
)
, and U ′ is F-special for p.
As to the proof of (ii), let U ′ ⊂ U be any F-special open connected
neighborhood of p. Then, for all q ∈ U ′:
κFq = κ
F
p = dim
(
F(U ′)
)
,
i.e., U ′ is F-special for q. 
The interest in open sets which are F-special for all their points is the
following immediate consequence of the definition:
Proposition 3.5. If U is F-special for all its points, then given any p ∈ U
and any g∗ ∈ G
F
p , there exists a unique K ∈ F(U) such that germp(K) = g∗.
Moreover, if V ⊂ U is any connected open subset, then for all K ∈ F(V)
there exists a unique K˜ ∈ F(U) such that K˜|V = K. 
Definition 3.6. A connected open subset U of M on which κFp is constant
will be called F-regular. An admissible sheaf F will be called regular3 if κFp
is constant for all p ∈M.
If U is a connected open set which is F-special for all its points, then U is
F-regular. We will now determine under which circumstances the converse
of this statement holds.
3In [32, Definition 1.3], a sheaf F is defined to be regular when the map evp defined in
(2.3) has constant rank for p ∈M.
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3.3. Existence of transport. As to the existence of a transport of F-germs
with given initial conditions, one has to assume regularity for the sheaf F.
Proposition 3.7. Let γ : [a, b] →M be a continuous path, and assume that
κF is constant along γ. Then, given any g∗ ∈ G
F
γ(a) there exists a unique
transport [a, b] ∋ t 7→ gt ∈ G
F
γ(t) of F-germs along γ such that
ga = g∗. (3.2)
Proof. Define:
A =
{
t ∈ (a, b] : ∃ transport of F-germs g along γ|[a,t] satisfying (3.2)
}
.
Let us show that A = (a, b]. By Lemma 3.2, there exists an open neighbor-
hood Ua of γ(a) which is F-special for γ(a). Then, there exists K ∈ F(Ua)
such that germγ(a)K = g∗. This says that A contains an interval of the form
(a, ε], for some ε > 0.
Arguing as in Lemma 2.2, we can show that A is both open and closed in
(a, b]. Again, openness follows readily from the very definition of transport.
In order to show that A is closed, assume that t0 ∈ A (the closure of
A), and let U be an open neighborhood of γ(t0) which is F-special for
γ(t0). Choose t1 ∈ A such that γ(t1) ∈ U, then applying the uniqueness of
Lemma 2.2, we get that there exists K ∈ F(U) such that germγ(t)(K) = gt
for all t sufficiently close to t1. This is because U is also F-special for all
these points γ(t) due to the assumption that κF is constant along γ. Then,
germγ(t)(K) = gt for all t sufficiently close to t0 (more generally for all t
such that γ(t) ∈ U), hence t0 ∈ A and A is closed. Thus, A = (a, b], and
the existence of transport is proved.
Uniqueness follows directly from Lemma 2.2. 
As a corollary, we can now state the main result of this section.
Theorem 3.8. Let M be a (connected and) simply connected differentiable
manifold, and let F be an admissible and regular sheaf of local fields on M.
Given any connected open subset U ⊂M and any K˜ ∈ F(U), there exists a
unique K ∈ F(M) such that K
∣∣
U
= K˜. Similarly, given any p ∈M and any
gp ∈ G
F
p , then there exists a unique K ∈ F(M) such that germp(K) = gp.
Proof. The first statement follows easily from the second, which is proved as
follows. Given any p ∈M, any germ gp ∈ G
F
p , and any continuous curve γ
in M starting at p, by regularity (Proposition 3.7) there exists a transport
of gp along γ. The existence of the desired field K ∈ F(M) follows from the
monodromy theorem, Proposition 2.4. 
Theorem 3.8 applies in particular to the sheaf of fields whose flow pre-
serves a real-analytic G-structure of finite type (Proposition 4.3, Corol-
lary 4.5, Theorem 5.11), giving a generalization of [1, (0.2) Theorem].
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4. Sheaves of fields preserving a G-structure of finite type
4.1. Infinitesimal symmetries of a G-structure. Let G be a Lie sub-
group of GL(n), denote by g its Lie algebra, and let Mn be a manifold with
a G-structure P. Recall that this is a G-principal sub-bundle of the frame
bundle4 FR(TM) of TM.
4.1.1. G-fields. It is well known that there exists a connection ∇ compatible
with the G-structure,5 i.e., such that the parallel transport of frames of P
belong to P. A (local) vector field K on M is said to be an infinitesimal
symmetry of the G-structure P, or a G-field, if its flow preserves the G-
structure. One can characterize G-fields using a compatible connection; to
this aim, we need to recall a few facts about the lifting of vector fields to
the frame bundle.
4.1.2. Lifting G-fields to the frame bundle. Let us recall a notion of lifting
of (local) vector fields defined on a manifold M to (local) vector fields in
the frame bundle FR(TM). First, diffeomorphisms of M (or between open
subsets of M) can be naturally lifted to diffeomorphisms6 of FR(TM) (or
between the corresponding open subsets of FR(TM)); this notion of lifting
preserves the composition of diffeomorphisms. Thus, given a vector field X
in M, the flow of X can be lifted to a flow in FR(M); this is the flow of a
vector field X˜ in FR(TM). An explicit formula for X˜ can be written using
a connection ∇ on M; for this general computation, we don’t require that
∇ is compatible with P. Observe that ∇ need not be symmetric either, and
we will denote by T its torsion.
If Ft denotes the flow of X and F˜t its lifting, for fixed x ∈ M and p ∈
FR(TM) with π(p) = x, we have:
X˜(p) = ddt
∣∣
t=0
F˜t(p) =
d
dt
∣∣
t=0
[dFt(x) ◦ p]
for all p ∈ FR(TM) and all x ∈ M. Observe that F˜t(p) = dFt(x) ◦ p is a
frame at the point Ft(x).
The horizontal component of X˜(p) is:
[X˜(p)]hor = dπp
(
X˜(p)
)
= ddt
∣∣
t=0
[
π(dFt(x) ◦ p)
]
= ddt
∣∣
t=0
[Ft(x)]| = X(x), (4.1)
i.e., X˜ is indeed a lifting of X. The vertical component of X˜(p) is:
[X˜(p)]vert =
D
dt
∣∣
t=0
[dFt(x) ◦ p] =
D
dt
∣∣
t=0
[dFt(x)] ◦ p; (4.2)
4By a frame of an N-dimensional vector space V, we mean an isomorphism q : RN → V.
5Such compatible connection is not symmetric in general. For instance, if G is the
complex general linear subgroup GL(n,C), so that the corresponding G-structure is an
almost complex structure, then there exists a symmetric compatible connection if and
only if the structure is in fact complex.
6Given a diffeomorphism f, the lifted map f˜ is defined by f˜(p) = df(x) ◦ p, where
p : Rn → TxM is a frame.
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for this equality, we have used the fact that Ddt commutes with right-com-
position with p. We have
D
dt
∣∣
t=0
[dFt(x)v] =
D
dt
∣∣
t=0
d
ds
∣∣
s=0
[
Ft
(
x(s)
)]
,
where (−ε, ε) ∋ s 7→ x(s) ∈ M for ε > 0, is a smooth curve such that
x(0) = x and x˙(0) = v. Then:
D
dt
∣∣
t=0
d
ds
∣∣
s=0
[
Ft
(
x(s)
)]
= Dds
∣∣
s=0
d
dt
∣∣
t=0
[
Ft
(
x(s)
)]
+ T
(
d
dt
[
Ft
(
x(s)
)]
, dds
[
Ft
(
x(s)
)]) ∣∣
s=t=0
= ∇vX(x) + T
(
X(x), v
)
.
Therefore, the vertical component of X˜(p) is:
[X˜(p)]vert = ∇X(x) ◦ p+ T
(
X(x), p ·
)
. (4.3)
Using formulas (4.1) and (4.2), we can write:
X˜ = L(X ◦ π), (4.4)
where π : FR(TM)→M is the canonical projection and L is a linear first or-
der differential operator from sections of π∗(TM) to sections of T
(
FR(TM)
)
.
4.1.3. Characterization of G-fields. For all x ∈ M, let gx be the Lie subal-
gebra of gl(TxM) that corresponds to the Lie group Gx of automorphisms
of the G-structure of the tangent space TxM. Clearly, gx is isomorphic to g
for all x. Using the lifting of vector fields to the frame bundle, it is not hard
to prove the following:
Proposition 4.1. Let ∇ be a connection on M compatible with the G-
structure P, and let T denote its torsion. A (local) vector field K is a G-field
if and only if
∇K(x) + T(K, ·) ∈ gx (4.5)
for7 all x in the domain of K.
Proof. K is a G-field if and only if the flow of its lifting K˜ preserves the G-
structure P, that is, if and only if K˜ is everywhere tangent to P. Using the
fact that ∇ is compatible with P, one sees that the tangent space to P at
some point p ∈ P is given by the space of vectors whose vertical component
has the form h ◦ p, with h ∈ gx. Therefore, using formula (4.3) for the
vertical component of liftings, we have that K˜ is tangent to P if and only if
(4.5) holds for all x. 
7i.e., the map TxM ∋ v 7→ ∇vK + T(Kx, v) ∈ TxM belongs to gx.
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4.1.4. Admissibility of the sheaf of G-fields for G-structures of finite type.
Definition 4.2. Given an open subset U ⊂M, let FP(U) be the subspace
of X(U) consisting of all vector fields K satisfying ∇K(x) + T
(
K(x), .
)
∈ gx
for all x ∈ U. This is a sheaf of vector fields in M that will be called the
sheaf of G-vector fields (shortly, G-fields).
It is not hard to prove that the sheaf of G-fields consists of Lie algebras.
We will give an indirect proof of this fact in Proposition 5.13. Given x ∈M,
for all j > 1, define the j-th prolongation g
(j)
x of gx as the Lie algebra:
g
(j)
x =
{
L : TxM
(j+1) −→ TxM multilinear and symmetric :
∀ (v1, . . . , vj) ∈ TxM
(j),
the map TxM ∋ v 7→ L(v, v1, . . . , vj) ∈ TxM belongs to gx
}
. (4.6)
In particular, g
(0)
x = gx. The G-structure is said to be of finite type if
g
(j)
x = {0} for some j > 1; this condition is independent of x. The order of a
finite type G structure is the minimum j for which g
(j)
x = {0}. For instance,
when G is some orthogonal group O(n, k) (in which case a G-structure is a
semi-Riemannian structure in M), then the G-structure is of finite type and
it has order 1. If the group G is CO(n, k) (in which case a G-structure is
a semi-Riemannian conformal structure in M), is of finite type and it has
order 2.
Proposition 4.3. Let P be a finite type G-structure on Mn, with order
N > 1. Then, the sheaf FP has rank bounded by n +
∑N−1
j=0 dim
(
g
(j)
x
)
.
Proof. It follows immediately from the corresponding statement on the di-
mension of the automorphism group of a G-structure of finite type. This is
a very classical result, first stated in [8], see also [33, Corollary 4.2, p. 348],
[30], or [21, Theorem 1, p. 333]. 
Proposition 4.3 holds also in the case of G-structures on orbifolds, see [3].
Proposition 4.4. Let G ⊂ GL(n), let P be a G-structure of order N on a
differentiable manifold Mn, and let X be a G-field. If the N-th order jet of
X vanishes at some point x ∈M, then X vanishes in a neighborhood of x. If
M is connected, then X vanishes identically.
Proof. The proof is by induction on N.
When N = 0, then G = {1} and P is a global frame (X1, . . . , Xn) of M.
In this case, the property of being a G-field for X means that X commutes
with each one of the Xi’s, i.e., X is invariant by the flow of each Xi. In this
case, the set of zeroes of X is invariant by the flow of the Xi’s. Now, if F
Xi
t
denotes the flow of Xi at time t, then, for fixed x ∈M, the map:
(t1, ..., tn) 7−→ F
X1
t1
◦ . . . ◦ FXntn (x)
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is a diffeomorphism from a neighborhood of 0 in Rn onto a neighborhood of
x in M. In order to prove this, it suffices to observe that its derivative at 0
sends the canonical basis of Rn to X1(x), . . . , Xn(x). Thus, if X(x) = 0 and
X is invariant by the flows FXi , then X vanishes in a neighborhood of x.
For the induction step, we need the notion of lifting of vector fields in
M to vector fields in the frame bundle FR(M) that was recalled in Subsec-
tion 4.1.2. Consider the lift X˜ of X to a vector field in FR(M). From formula
(4.4) it follows readily that if the N-th jet of X vanishes at x, then the jet
of order (N − 1) of X˜ vanishes at every p ∈ FR(TxM).
Observe that if X is a G-field, then X˜ is tangent to P. Furthermore, if some
diffeomorphism of M preserves P, then the lifting of such diffeomorphism
to FR(TM) restricted to P preserves the G(1)-structure P(1) of P, where
P(1) is the first prolongation of P (see [22, Page 22]). It follows that the
restriction of X˜ to P is a G(1)-field for the G(1)-structure P(1).
Now, we can apply induction. Assume that P has order k, and that X is
a G-field for P with vanishing N-th jet at x. The field X˜ restricted to P is a
G(1)-field for P(1) which has vanishing jet of order (N−1) at p, for arbitrary
p ∈ FR(TxM). Since P
(1) has order N − 1, the induction hypothesis gives
us that X˜ vanishes identically in a neighborhood of p in P. It follows that
X vanishes in a neighborhood of x in M (the projection onto M of the
neighborhood of p). This concludes the proof of the first statement.
In particular, the result proves that the set of points at which the N-th
order jet of X vanishes is open. Evidently, it is also closed, and therefore if
M is connected, then X vanishes identically. 
Corollary 4.5. The sheaf of local G-fields of a finite order G-structure has
the unique continuation property. 
Remark 4.6 (Local uniqueness vs. analyticity). It is an interesting question
to establish for which G-structures of infinite type, the corresponding sheaf
of local G-fields has the unique continuation property. A natural guess would
be to consider real-analytic structures, this seems to have been claimed in
[1, Proposition 3.2, p. 5]. However, there exist real-analytic G-structures of
infinite type whose sheaf of local G-fields does not have the unique contin-
uation property. Consider for instance a real-analytic symplectic manifold
(M2n,ω). In this case, G is the symplectic group Sp(2n). Given any smooth
local function H : U ⊂ M → R, then its Hamiltonian field ~H has flow that
preserves ω. In particular, two distinct smooth functions that coincide on
some non-empty open subset define distinct Hamiltonian fields, that coincide
on that open set. See also Remark 5.3.
Observe that, by Corollary 4.5, for G-structures of finite type, local
uniqueness is independent of analyticity, thus, the two properties seem to
be logically independent.
4.2. Affine connections and global parallelisms. Let us now discuss
an example of sheaf of vector field that does not fit in the theory of G-fields
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described in Section 4.1, but that can nevertheless be described in terms of
a G-structure of finite type.
Let M be an n-dimensional manifold endowed with an affine connection
∇. Let FR(TM) denote the frame bundle of M, which is the total space of a
GL(n)-principal bundle onM, and it has dimension equal to n2+n. Denote
by π : FR(TM)→M the canonical projection. Let us recall how to define a
global parallelism on FR(TM), i.e., a {1}-structure, using the connection ∇.
Given p ∈ FR(TM), i.e., p : Rn → TxM is an isomorphism for some
x ∈M, then Tp
(
FR(TM)
)
admits a splitting into a vertical and a horizontal
space, denoted respectively Verp and Horp. The vertical space Verp is
canonical, and canonically identified with Lin(Rn, TxM). The horizontal
space Horp is defined by the connection ∇, and it is isomorphic to TxM via
the differential dπ(p) : Horp → TxM.
Fix a frame q : Rn
2
→ Lin(Rn,Rn). A frame for Verp is given by
p ◦ q : Rn
2
→ Verp. A frame for Horp is given by(
dπp
∣∣
Horp
)−1
◦ p : Rn −→ Horp.
Putting these two things together, we obtain a global frame of FR(TM),
which is determined by the choice of the horizontal distribution.
Clearly, not every global frame of FR(TM) arises from a connection on
M. On the other hand, if two connections define the same global frame,
then they coincide. Moreover, a smooth diffeomorphism f : M → M is
affine, i.e., it preserves ∇, if and only if the induced map f˜ : FR(TM) →
FR(TM) preserves the associated global frame. Similarly, a (local) field X
on M is an infinitesimal affine symmetry, i.e., its flow consists of affine local
diffeomorphisms, if and only if its lift X˜ to a local field on FR(TM) (see
Section 4.1.2) is an infinitesimal symmetry of the {1}-structure on FR(TM)
associated with the connection ∇.
Let us denote by F∇ the sheaf of local affine fields of the affine manifold
(M,∇). From the above considerations, we obtain easily:
Proposition 4.7. Let (M,∇) be an affine manifold. The sheaf F∇ is ad-
missible.
Proof. The map X 7→ X˜ gives an injection of F∇ into the sheaf of local fields
whose flow preserves the global frame on FR(TM) associated with ∇. The
conclusion follows easily from the fact that both the bounded rank and the
unique continuation property are inherited by sub-sheaves (Remark 3.1). 
We will show in Section 8 that the same result holds in the more general
case of the sheaf of vector fields whose flow preserves the geodesics of a
spray.
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5. On the regularity condition
The central assumption of Theorem 3.8, i.e., that the space of germs of the
admissible sheaf F should have constant dimension along M, is in general
hard to establish. We will present here two situations where such regularity
assumption is satisfied, namely the real-analytic and the transitive case.
5.1. The real-analytic case. Let us now consider a real-analytic manifold
M, and let Xω denote the sheaf of local real-analytic vector fields on M. A
sheaf F of local vector fields onM is said to be real-analytic if F(U) ⊂ Xω(U)
for all open subset U ⊂M.
Proposition 5.1. If P ⊂ FR(TM) is a real-analytic G-structure of finite
type on M, then the sheaf FP of local G-fields on M (Definition 4.2) is
real-analytic.
Proof. This is proven by induction on the order of the G-structure. Recall
that a local field X is a G-field if and only if admits a lifting X˜ to P that
preserves the first prolongation P(1) of P. By the induction hypothesis, X˜
is real-analytic, and therefore so is X, which is the projection of X˜ by the
real-analytic map dπ : TP→ TM.
It remains to show the basis of induction, i.e., the case G = {1}. In this
case, the G-structure is a global frame (X1, . . . , Xn) of real-analytic fields.
Let us define:
f(t1, . . . , tn, x) = F
X1
t1
◦ · ◦ FXntn (x), (5.1)
where FXit is the flow of the field Xi at time t. The map f is real-analytic.
For x ∈M fixed, the map (t1, . . . , tn) 7→ f
x(t1, . . . , tn) := f(t1, . . . , tn, x) is
a real-analytic diffeomorphism from a neighborhood of 0 in Rn to a neigh-
borhood of x in M. If X is a local field that preserves the {1}-structure,
then:
X
(
f(t1, . . . , tn, x)
)
=
∂f
∂x
(t1, . . . , tn, x)X(x). (5.2)
If we fix x, equality (5.2) says that X is real-analytic in a neighborhood of
x. This concludes the proof. 
Remark 5.2. The last argument in the proof of Proposition 5.1 shows that,
given a frame X1, . . . , Xn on a manifold M, if X is a local field whose flow
preserves the frame, defined in a neighborhood of a point q ∈M, then for z
near q, X(z) is given by ∂f
∂x
(
(fq)−1(z), q
)
X(q), where f is given in (5.1) and
fq(t1, . . . , tn) := f(t1, . . . , tn, q).
Remark 5.3. We remark that Proposition 5.1 fails to hold for G-structures
that are not of finite type. For instance, given any real-analytic manifold
Mn, one can consider the real-analytic GL(n)-structure on M given by
P = FR(TM). Then, any local vector field is a G-field. See also Remark 4.6.
Let us now introduce the following class of real-analytic sheaves. For a
given open subsetU ⊂M, we will denote by Cω(U) the space of real-analytic
functions f : U→ R.
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Definition 5.4. Let F be a real-analytic sheaf. We say that F is analytically
determined if for all open subset U there exists a collection A(U) of functions
F : Xω(U)→ Cω(U) satisfying the following two properties:
(a) Locality: given open sets V ⊂ U and F ∈ A(U), then for all X ∈
Xω(U), the restriction FX
∣∣
V
is equal to GX|V for some G ∈ A(V).
(b) For all open subset U and all X ∈ Xω(U), X ∈ F(U) if and only if
FX ≡ 0 on U for all F ∈ A(U).
Remark 5.5. The condition of being analytically determined can be relaxed
considering, not all the open sets U, but a base of sufficiently small open
sets.
The definition above is modeled on the following example.
Example 5.6. If (M,g) is a real-analytic Riemannian manifold, and F is
the sheaf of local Killing fields of (M,g), then F is analytically determined.
Given an open subset U ⊂M, then the collection A(U) is the set of functions{
FV : V ∈ X
ω(U)
}
, defined by:
FXV = g(∇VX,V).
The property of an analytically determined sheaf F which is important
for us is the fact that real-analytic extensions of local F-fields are F-fields:
Lemma 5.7. Let F be an analytically determined sheaf, U ⊂M a connected
open set and V ⊂ U a non-empty open subset. If X ∈ Xω(U) is such that
X
∣∣
V
belongs to F(V), then X ∈ F(U).
Proof. Given an arbitrary F ∈ A(U), then, since X
∣∣
V
∈ F(V), by properties
(a) and (b) in Definition 5.4, FX
∣∣
V
= 0. Since U is connected, V non-empty
and FX real-analytic, it follows FX ≡ 0 in U. Thus, by (b) of Definition 5.4,
X ∈ F(U). 
Let us generalize Example 5.6 to arbitrary G-structures of finite type.
Proposition 5.8. If P ⊂ FR(TM) is a real-analytic G-structure of finite
type on M, then the sheaf FP of local G-fields on M is analytically deter-
mined.
Proof. Let us choose a compatible real-analytic connection ∇ with torsion
T . The existence of real-analytic connections compatible with real-analytic
G-structures is proved in Appendix B. For any U ⊂M and any X ∈ FP(U),
the (1, 1)-tensor field ηX := ∇X+ T(X, ·) is real-analytic on U. Consider the
real-analytic vector bundle gU on U, whose fiber at the point p ∈ U is the
Lie algebra gp (see Subsection 4.1.3). This is a vector sub-bundle of the
vector bundle End(TU) whose fiber at p ∈ U is given by the endomorphisms
of TpU. Consider the dual vector bundle End(TU)
∗, and its sub-bundle goU,
whose fiber at the point p ∈ U is the annihilator gop of gp. All these bundles
are obtained by natural operations, and they are real-analytic.
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Having settled these notations, we can now describe the collection A(U)
as follows:
A(U) =
{
Fρ : ρ real-analytic section of g
o
U
}
,
where, for X ∈ Xω(U), FXρ : U→ R is defined by:
FXρ = ρ(ηX).
Property (a) of Definition 5.4 for the family A(U) is immediate. Now, ob-
serve that FXρ ≡ 0 on U for all ρ real-analytic section of g
o
U if and only
if ηX(p) ∈ gp for all p ∈ U. By Proposition 4.1, this implies that A(U)
satisfies property (b) of Definition 5.4, and proves that FP is analytically
determined. 
Let us now show how analytic determinacy of a sheaf F is related to the
property of regularity.
Proposition 5.9. Let M be a real-analytic connected manifold, and let
F be an admissible sheaf of vector fields which is analytically determined.
Assume that every p ∈M admits an open neighborhood Vp with the following
property: given any q ∈ Vp and any F-germ g ∈ G
F
q , then there exists
X ∈ Xω(Vp) such that germq(X) = g. Then F is regular.
Proof. Given p ∈ M, Vp ⊂ M, q ∈ Vp, g ∈ G
F
q , X ∈ X
ω(Vp) and
germq(X) = g as in the statement, since F is analytically determined, by
Lemma 5.7, it follows that X ∈ F(Vp). In the terminology of Section 3.2,
Vp is F-special for all its points, and therefore κ
F is constant on Vp, i.e.,
the map κF : M→ N is locally constant. Since M is connected, then κF is
constant and F is regular. 
Proposition 5.9 can be applied in very general situations, when the values
along a smooth curve of a field belonging to the sheaf F are given by ordinary
differential equations with real-analytic coefficients. In this case, local real-
analytic extensions of F-germs are obtained by integrating along a real-
analytic family of curves whose images cover a neighborhood of a given
point (for instance, radial geodesics issuing from the point). An example
where Proposition 5.9 applies is given, again, by G-structures of finite type.
For such a result, we require first the following technical lemma
Lemma 5.10. Consider π : C → M an analytic submersion and assume
that there exists an analytic vector field X˜ defined in an open connected set
U ⊂ C. If X˜ is projectable in an open subset V ⊂ U, then it is projectable
on the entire U.
Proof. Our aim is to show that the sheaf of projectable fields on C is analyti-
cally determined, and so, the result follows from Lemma 5.7. For this, recall
that X˜ is projectable if and only if π∗([X˜, V ]) = 0 for every vertical vector
field V . Then, for any open set U admitting analytic adapted coordinates
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(x1, . . . , xn, y1, . . . , ym, U) for C, where {∂yi} is a basis of the vertical space,
consider the collection A(U) of functions {Fi : i = 1, . . . ,m} defined by
FX˜i =
n∑
j=1
g(π∗([X˜, ∂yi ]), ∂xj)
2,
where g is an auxiliary Riemannian metric on M. 
Theorem 5.11. Let Mn be a connected real-analytic manifold, G ⊂ GL(n)
a Lie subgroup, and P ⊂ FR(TM) a real-analytic G-structure on M. Then,
the sheaf FP is regular.
Proof. By Proposition 5.8, FP is analytically determined. We will show
that FP satisfies the assumptions of Proposition 5.9. Using induction on
the order of the G-structure, it is easy to see that it suffices to consider the
case of a {1}-structure. For the induction step, let x ∈ M be fixed, choose
p ∈ π−1(x) ∈ P, and let P0 be the connected component of P that contains
p. Then, P0 has a real-analytic G
(1)-structure P
(1)
0 , which by induction
hypothesis satisfies the assumptions of Proposition 5.9. Denote by U
(1)
p
an open neighborhood that satisfies the real-analytic extension property, as
described in Proposition 5.9, for the sheaf FP
(1)
0 on P0. Then, the projection
Ux = π
(
U
(1)
p
)
is an open neighborhood of x, and it satisfies the same real-
analytic extension property for the sheaf FP onM. In fact, given an analytic
G-field X defined in V ⊂ Ux, take X˜ the lifting of X on an open subset
V1 ⊂ U1p. From construction, X˜ is extensible analytically on the entire U
1
p
and, from previous lemma, the extended field is projectable on Ux.
Let us prove the result for {1}-structures. Let (X1, . . . , Xn) be a real-
analytic global frame of M. Consider the map f : Rn ×M→M defined in
(5.1); for x ∈ M, set fx(t1, . . . , tn) = f(t1, . . . , tn, x). Observe that as the
map f˜ : Rn ×M→M×M defined as f˜(t1, . . . , tn, x) = (f(t1, . . . , tn, x), x)
is a local diffeomorphism around (0, x), for every p ∈ M, we can choose a
(connected) neighborhood Vp of p such that the map
(t1, . . . , tn) 7−→ f
q(t1, . . . , tn)
gives a real-analytic diffeomorphism from a neighborhood Wq of 0 in R
n to
Vp.
Let q ∈ Vp be fixed, and let X be any local field, defined in some connected
neighborhood O ⊂ Vp of q, whose flow preserves the frame (X1, . . . , Xn).
Set v = X(q). Then, the field X˜ defined by:
X˜(z) =
∂f
∂x
(
(fq)−1(z), q
)
v,
for z ∈ Vp, is a real-analytic extension of X to Vp, see Remark 5.2. This
shows that when P is a real-analytic {1}-structure, then FP satisfies the
assumptions of Proposition 5.9. 
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5.2. The transitive case. Given a sheaf of vector fields F on the manifold
M, let D(F) denote the associated pseudo-group of local diffeomorphisms of
M. Recall that this is the pseudo-group generated by the family of all local
diffeomorphisms given by the local flow of elements of F.
Definition 5.12. The sheaf F is said to be full if for every X ∈ F and any
ϕ ∈ D(F), the pull-back ϕ∗(X) belongs to F. Given a complete sheaf F, the
pseudo-group D(F) is said to be transitive if it acts transitively on M, i.e.,
if given any two points x, y ∈M, there exists ϕ ∈ D(F) such that ϕ(x) = y.
As an immediate consequence of the definition, we have the following:
Proposition 5.13. Let F be a full sheaf of vector fields on M which has
bounded rank. If D(F) is transitive, then F is regular.
Proof. Given x, y ∈ M, and ϕ ∈ D(F) such that ϕ(x) = y, then the pull-
back ϕ∗ induces an isomorphism between the space of germsGFy andG
F
x . 
An interesting consequence of fullness is the following result:
Proposition 5.14. Let F be a full sheaf of smooth local vector fields on a
manifold M. Assume that F is closed by C∞-convergence on compact sets.
Then, F is closed by Lie brackets, i.e., F(U) is a Lie algebra for every open
set U ⊂ M. This is the case, in particular, for the sheaf of vector fields
whose flow preserves a G-structure on M.
Proof. See [32, Remark (b), p. 10]. 
The sheaf F is called transitive if the evaluation map evx : G
F
x → TxM is
surjective for all x. In other words, F is transitive if for all x ∈ M and all
v ∈ TxM, there exists a local F-field K defined around x such that Kx = v.
When F is a Lie algebra sheaf, the transitivity of F implies the transitivity
of D(F).
Proposition 5.15. If F is a full Lie algebra sheaf of local fields on M which
is transitive, then D(F) is transitive.
Proof. See [32, Proposition 1.1 and § 1.3]. 
Proposition 5.15 applies in particular to the sheaf of local vector fields
that are infinitesimal symmetries of a G-structure, see Section 4.1.
6. Killing and conformal fields for Finsler manifolds
Let (M,F) be a Finsler manifold with F : TM → [0,+∞), namely, a
continuous positive homogeneous function which is smooth away from the
zero section and such that the fundamental tensor defined as
gv(u,w) =
1
2
∂2
∂t∂s
∣∣∣
t=s=0
F(v + tu+ sw)2
for every v ∈ TM \ 0 and u,w ∈ Tπ(v)M, is positive definite. Let us recall
that the Chern connection associated with a Finsler metric can be seen as a
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family of affine connections, namely, for every non-null vector field V on an
arbitrary open subset U ⊂M, we can define an affine connection ∇V in U,
which is torsion-free and almost g-compatible (see for example [13]). The
Chern connection also determines a covariant derivative along any curve
γ : [a, b] →M, which depends on a non-null reference vector W and which
we will denote as DWγ . Let us define a local Killing (resp. conformal) vector
field of (M,F) as a vector field K such that the flow of K gives local isometries
(resp. conformal maps) for every t ∈ R where it is defined. Furthermore,
following [15] we say that a map ϕ : (M,F)→ (M,F) is an almost isometry
if there exists f : M → R such that ϕ∗(F) = F − df. This kind of maps
allows one to characterize the conformal maps of a stationary spacetime in
terms of its Fermat metric as shown in [15]. We will say that a vector field
is almost Killing if its flow gives local almost isometries. Let us begin by
giving a characterization of (local) Killing, almost Killing and conformal
vector fields.
Proposition 6.1. Let (M,F) be a Finsler manifold and K a vector field in
an open subset U ⊂M.
(i) K is Killing if and only if gv(v,∇
v
vK) = 0 for every v ∈ π
−1(U) \ 0,
where π : TM→M is the canonical projection.
(ii) K is conformal if and only if there exists a function f : U→ (0,+∞)
such that gv(v,∇
v
vK) = f(π(v))F(v)
2 for every v ∈ π−1(U) \ 0.
(iii) K is almost Killing if and only if there exists a one-form ξ such that
gv(v,∇
v
vK) = F(v)ξ(v) for every v ∈ π
−1(U) \ 0 and the one-form
ξ˜s, defined as
ξ˜s(v) =
∫s
0
ξ(ϕ∗µ(v))dµ, (6.1)
where ϕµ is the flow of K, is closed for every s ∈ R such that the
flow of K is defined in [0, s].
Proof. Given v ∈ π−1(U), let γ : [−1, 1]→ U be a curve such that γ˙(0) = v.
Now let φs be the flow of K in the instant s ∈ R for s small enough in
such a way that the flow is defined for that instant along γ. Define the
two-parameter Λ(t, s) = φs(γ(t)) and denote by βt(s) = Λ(t, s) = γs(t).
By definition β˙t(s) = K. We have that
d
ds
F(γ˙s(t))
2 = 2gγ˙s(D
γ˙s
βt
γ˙s, γ˙s) = 2gγ˙s(D
γ˙s
γs
K, γ˙s). (6.2)
Here we have used [13, Proposition 3.2]. Observe that K is Killing if and
only if F(γ˙(t)) = F(γ˙s(t)) for every curve γ. By the above equation this
is equivalent to gv(∇
v
vK, v) = 0 for every v ∈ π
−1(U) and the proof of (i)
follows. When K is conformal, we have that F(γ˙s(t))
2 = h(s, γ(t))F(γ˙(t))2
and then
gv(∇
v
vK, v) = f(π(v))F(v)
2
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where f(p) = 12
∂h
∂s (0, p). Moreover, if K satisfies an equation of this type for
some function f, then if we define h(s, p) = 2
∫s
0 f(φµ(p))dµ, we deduce that
the flow φs is conformal with F(φ
∗
s(v))
2 = h(s, π(v))F(v)2 . This concludes
the proof of part (ii). For the last part, observe that if K is an almost Killing
field, then for every s such that the flow of K, ϕs, is (locally) defined, there
exists a function fs : M→ R such that F(γ˙s(t)) = F(γ˙(t)) + dfs(γ˙(t)). De-
riving both sides of last equality with respect to s, using (6.2) and evaluating
in s = 0 we get
gv(v,∇
v
vK) = F(v)ξ(v)
where ξ(v) = ∂
∂s
dfs(v)|s=0. Furthermore, taking v = γ˙s(t) as above, we
have
1
F(γ˙s(t))
gγ˙s(D
γ˙s(t)
γs K, γ˙s(t)) = ξ(γ˙s(t)).
Integrating with respect to s we get that
F(γ˙s(t)) − F(γ˙(t)) =
∫s
0
ξ(γ˙µ(t))dµ
or equivalently F(ϕ∗s(v)) − F(v) =
∫s
0 ξ(ϕ
∗
µ(v))dµ = ξ˜s(v). This implies that
ξ˜s is closed because ϕs is an almost isometry. The converse follows easily
from the above equations.

Remark 6.2. When (M,F) has analytic regularity, the previous proposition
ensures that Killing, almost Killing and conformal fields are analytically de-
termined. In fact, the Killing case follows as in Example 5.6. The conformal
case however is a little trickier as it requires the definition of the function f.
For this, let us consider U a small enough open set (recall Remark 5.5) so
that there exists an analytic vector field V0 ∈ X
ω(U) without zeroes. Then,
define the analytic function
f(π(V0)) =
gV0(V0,∇
V0
V0
K)
F(V0)2
and define the collection A(U) as the set of functions {HV : V ∈ X
ω(U)}
defined by
HXV = gV(V,∇
V
VX) − f(π(V))F(V)
2
It follows that K is conformal if, and only if, HK ≡ 0 for all H ∈ A(U).
Finally, in the case of almost isometries we can proceed in a similar way.
Choose a small enough open set U in such a way that it admits an analytic
frame (V1, V2, . . . , Vn). Then given a vector field X in U define the one-form
ξ in U such that ξ(Vi) =
1
F(Vi)
gVi(Vi,∇
Vi
Vi
X,Vi) for i = 1, . . . , n. Moreover,
define ξ˜s as in (6.1) using the flow of X. Then given V,W ∈ X
ω(U) and
s ∈ R smal enough in such a way that ξ˜s is defined in U, choose the collection
A(U) as the set of functions
HXV,W,s = (gV (V,∇
V
VX) − F(V)ξ(V))
2 + (dξ˜s(V,W))
2.
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In order to see that local Killing and conformal vector fields of Finsler
manifolds constitute and admissible sheaf, we need to introduce an average
Riemannian metric associated with a Finsler metric. There are several no-
tions of Riemannian metric associated with a Finsler structure (see [9, 25]);
we will consider the following one.
For p ∈M, let us set Bp =
{
v ∈ TpM : F(v) 6 1
}
, Sp = ∂Bp, and let Ωp
be the unique n-form on TpM such that Bp has volume equal to 1. Then
we define the (n − 1)-form ωp on Sp at u ∈ Sp as
ωp(η1, η2, . . . , ηn−1) = Ωp(η1, η2, . . . , ηn−1, u)
for every η1, η2, . . . , ηn−1 ∈ TuSp. The average Riemannian metric gR at
the point p ∈M is defined as
gR(v,w) :=
∫
u∈Sp
gu(v,w)ωp. (6.3)
The first observation about the average Riemannian metric gR is that if
φ : U ⊂ M → V ⊂ M is a local isometry (resp., a local conformal map)
of (M,F), then it is also a local isometry (resp., a local conformal map) of
(M,gR); in particular, if K is a local Killing (resp., conformal) vector field of
(M,F), then it is also a local Killing (resp., conformal) vector field of (M,gR).
This implies that the sheaf of local Killing (resp. conformal) vector fields of
a Finsler manifold is admissible, so that Theorem 3.8 applies whenever M
is simply-connected and the sheaf of local Killing (resp. conformal) vector
fields is regular. This is the case, for example when the manifold (M,F)
is real-analytic. In the case of almost Killing fields, we will need to use
the symmetrization of a Finsler metric defined as Fˆ(v) = 12 (F(v) + F(−v)).
Recall that in [17, Corollaries 4.3 and 4.6], it was proved that Fˆ is a (strongly
convex) Finsler metric and in [15] that an almost isometry of F is an isometry
of Fˆ, which easily implies that almost Killing fields are admissible.
Proposition 6.3. Let (M,F) be a simply-connected real-analytic Finslerian
manifold. Then, every local Killing (resp. almost Killing, conformal) vector
field can be extended to a unique Killing (resp. almost Killing, conformal)
vector field defined on the whole manifold M.
Proof. As we have seen above, the sheaf of local Killing (resp. conformal)
vector fields of a Finsler manifold is admissible and analytically determined.
Therefore, we only have to show that any local Killing (resp. conformal)
field is extensible analytically to a prescribed open set and apply Proposition
5.9. Let X˜ be a local Killing (resp. conformal) vector field of (M,F) defined
on an open subset U. As X˜ is also local Killing (resp. conformal) vector field
of the average Riemannian metric given in (6.3), and (M,gR) is a simply-
connected real-analytic Riemannian manifold, [26, Theorems 1 & 2] (resp.
[24, Lemma 3]) ensures that X˜ can be extended to an analytic Killing (resp.
conformal) vector field X for gR defined on the entire M. In particular, X˜
admits a global analytic extension and Proposition 5.9 applies. A similar
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reasoning can be done for almost Killing fields using that they are Killing
fields of the symmetric Finsler metric Fˆ.

6.1. An application. Using the above results, we are able to give a nice
characterization of the homogeneity of Finsler manifolds. For this, we
first need the following technical lemma, which is well known on Semi-
Riemannian Geometry
Lemma 6.4. On a (forward) complete Finslerian manifold M every global
Killing vector field K is complete.
The proof follows by using the same arguments as in the semi-Riemannian
case (see [27, Proposition 9.30] for instance), and taking into account that
the Jacobi fields are well-enough behaved in the Finslerian settings (see
[18, Section 3.4], especially Proposition 3.13 and Lemma 3.14). With this
previous result at hand, we are ready to prove the following characterization:
Theorem 6.5. Let (M,F) be a (connected and) simply-connected, (forward)
complete Finslerian manifold. Then, M is homogeneous if, and only if, the
following two conditions hold:
(i) κFp is constant on M ;
(ii) for some point p0 ∈M and all v ∈ Tp0M there exists a local Killing
vector field V such that V(p0) = v.
Proof. Let us show that homogeneity implies (i) and (ii). By homogeneity,
the pseudo-group D(F) associated with the full sheaf F of local Killing vec-
tor fields is transitive, and so, Proposition 5.13 ensures (i). For (ii) recall
that, for each v ∈ Tp0M we can consider ǫ > 0 and some differentiable
1-parameter family of isometries {ψt}t∈(−ǫ,ǫ) : M →M with ψ0(p0) = p0
and ∂
∂t
∣∣
t=0
(ψt(p0)) = v. Then, V(p) =
∂
∂t
|t=0(ψt(p)) is a Killing vector
field with V(p0) = v, and so, (ii) is satisfied.
Let us now assume that (i) and (ii) hold. As κFp is constant, the sheaf of
local Killing vector fields F, which is an admissible sheaf, is also a regular
one. Then, as M is simply-connected, Theorem 3.8 ensures that any local
Killing vector field extends globally. Moreover, from previous Lemma, such
a global Killing vector fields are complete, and so, the pseudo-group D(F) is
truly a group. Let G := D(F) and H the isotropy group of the action of G in
M at p0. Then we have a map i : G/H→M, given by g 7→ g(p0), which is a
local diffeomorphism. This follows from hypothesis (ii) for p0 at [e] ∈ G/H,
but it translates by the action of G to all the points in G/H. Observe that
the map i is also injective. Moreover, if you endow G/H with the metric
i∗(F), then as F is invariant by the action of G, we obtain a homogeneous
Finslerian manifold (G/H, i∗(F)), which is then complete (repeat the same
proof as in [27, Remark 9.37]). As a consequence i(G/H) = M and M is
homogeneous.

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7. Pseudo-Finsler local Killing fields
Let us now consider infinitesimal symmetries of another type of structure
that cannot be described in terms of a finite order G-structure: pseudo-
Finsler structure. These structures are the indefinite counterpart to Finsler
structures, in the same way Lorentzian or pseudo-Riemannian metrics are
the indefinite counterpart to Riemannian metrics. A precise definition will
be given below. Let us observe here that, unlike the Finsler (i.e., positive
definite) case, the construction of average metrics is not possible in this
situation, and we have to resort to a different type of construction, based
on the notion of Sasaki metrics. This construction also works when the
fundamental tensor is positive definite but the metric is conic in the sense
that it is only defined in some directions [17]. In such a case it is not possible
to construct an average Riemannian metric. A very classical example of
this situation is found in Kropina metric, and other metrics related to the
Zermelo problem with strong wind [4, 19].
7.1. Conic pseudo-Finsler structures. We recall that a pseudo-Finsler
structure (or a conic pseudo-Finsler structure) on a (connected) manifold
M consists of an open subset T ⊂ T0M, where T0M denotes the tangent
bundle with its zero section removed, and a smooth function L : T → R
satisfying the following properties:
(i) for all p ∈M, the intersection Tp = T∩TpM is a non-empty open cone
of the tangent space TpM;
(ii) L(tv) = t2L(v) for all v ∈ T and all t > 0;
(iii) for all v ∈ T, the Hessian gv(u,w) =
1
2
∂2
∂t∂sL(v + tu + sw)|t=s=0 is
nondegenerate, where u,w ∈ Tπ(v)M.
By continuity, the fundamental tensor gv has constant index, which is called
the index of the pseudo-Finsler structure. The case when T = T0M and the
index of gv is zero, i.e., gv is positive definite for all v, is the standard
Finsler structure. When gv does not depend on v, then we have a standard
pseudo-Riemannian manifold. As in the classical Finsler metrics, we can
define the associated Chern connection as a family of affine connection (see
for example [13]).
7.2. Pseudo-Finsler isometries. An isometry of the pseudo-Finsler struc-
ture (M,T, L) is a diffeomorphism f of M, with:
df(T) = T, and L ◦ df = L. (7.1)
The notion of local isometry is defined similarly. Clearly, the set Iso(M,T, L)
of such pseudo-Finsler isometries is a group with respect to composition,
and one has a natural action of Iso(M,T, L) on M. It is proved in [10]
that this action makes Iso(M,T, L) into a Lie transformation group of M.
In Appendix A we will show that dim (Iso(M,T, L)) 6 12n(n + 1), where
n = dim(M). By a similar argument, we will show here that the same
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inequality holds for the dimension of the space of germs of infinitesimal
symmetries of a pseudo-Finsler manifold, see Proposition 7.1.
Given a pseudo-Finsler structure (M,T, L) of index k, there is an associ-
ated pseudo-Riemannian metric of index 2k on the manifold T, called the
Sasaki metric of (M,T, L), that will be denoted by gL, and which is defined
as follows. Let π : TM → M be the canonical projection. The geodesic
spray of L defines a horizontal distribution on T, i.e., a rank n distribution
on T which is everywhere transversal to the canonical vertical distribution.
Equivalently, the horizontal distribution associated with L can be defined
using the Chern connection of the pseudo-Finsler structure. In particular,
a vector X ∈ TT is horizontal iff Dα
π(α)
α(0) = 0, where D is the covariant
derivative induced by the Chern connection, and α : (−ε, ε) → T is a curve
(transversal to the fibers) such that α˙(0) = X. For p ∈ M and v ∈ Tp,
let us denote by Verv = Ker(dπv) and Hor
F
v the corresponding subspaces
of TvT. One has a canonical identification iv : TpM → Verv (given by the
differential at v of the inclusion TpM →֒ TM); moreover, the restriction of
dπv : Hor
L
v → TpM is an isomorphism. The Sasaki metric g
L is defined by
the following properties:
• on Verv, g
L is the push-forward of the fundamental tensor gv by the
isomorphism iv : TpM→ Verv;
• on HorLv , g
L is the pull-back of the fundamental tensor gv by the
isomorphism dπv : Hor
L
v → TpM;
• Verv and Hor
L
v are g
L-orthogonal.
A (local) vector field X on M whose flow consists of (local) isometries for
the pseudo-Finsler structure (M,T, L) will be called a (local) Killing field of
(M,T, L).
7.3. Lifting of isometries and Killing fields. If f is a (local) isometry of
(M,T, L), then df is a local isometry of the pseudo-Riemannian manifold T
endowed with the Sasaki metric gL. This is proved in [10], see Appendix A.
The lifting f 7→ df of pseudo-Finsler isometries preserves the composition
of diffeomorphisms. Thus, given a (local) vector field X in M, the flow of
X can be lifted to a flow in TM; this is the flow of a (local) vector field
X˜ in TM. If X is a Killing field of (M,T, L), then the flow of X˜ preserves8
T, and we obtain (by restriction) a vector field on T. Clearly, the flow
of X˜ consists of gL-isometries, so that X˜ is a (local) Killing vector field of
the pseudo-Riemannian manifold (T, gL). An explicit formula for X˜ can be
written using local coordinates and an auxiliary symmetric connection on
M. If Ft denotes the flow of X and F˜t = dFt its lifting, we have:
X˜(v) = ddt
∣∣
t=0
F˜t(v) =
d
dt
∣∣
t=0
dFt(v)
8This follows from the first property of pseudo-Finsler isometries in (7.1).
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for all v ∈ T and all x ∈M. The curve t 7→ dFt(v) projects onto the curve
t 7→ Ft(x) in M, so that the horizontal component of X˜(v) is:[
X˜(v)
]
hor
= X(x). (7.2)
Using the auxiliary connection, let us compute the vertical component of
X˜(v) by: [
X˜(v)
]
ver
= Ddt
∣∣
t=0
[
dFt(v)
]
= ∇vX. (7.3)
7.4. The sheaf of local pseudo-Finsler Killing fields. Let FpF denote
the sheaf of local Killing fields of (M,T, L). Using the relations between the
pseudo-Finsler structure and the associated Sasaki metric, we can prove the
following:
Proposition 7.1. Let (M,T, L) be a pseudo-Finsler manifold, with n =
dim(M). Then:
(a) FpF has bounded rank: for all open connected subset U ⊂M
dim
(
FpF(U)
)
6 1
2
n(n + 1);
(b) FpF has the unique continuation property.
Proof. Denote by FpR(g
L) the sheaf of local Killing fields of the pseudo-
Riemannian manifold (T, gL), where gL is the Sasaki metric of (M,T, L).
Given a connected open subset U ⊂M, denote by U˜ = π−1(U) ∩ T, where
π : TM→M is the canonical projection. Then, U˜ is a connected open subset
of T. Given X ∈ FpF(U), let X˜ ∈ X(U˜) be the lifting of X. As we have seen
in Subsection 7.3, X˜ ∈ FpR(g
L)(U˜), and the maps X 7→ X˜ gives an injective
linear map from FpF(U) to X˜ ∈ FpR(g
F)(U˜). Injectivity follows easily from
the fact that, for v ∈ U˜ and x = π(v), then the horizontal component of
X˜(v) is X(x). Then, rank boundedness and unique continuation property
for the sheaf FpF follow immediately from the corresponding properties of
FpR(g
L). 
Observe that the Killing fields of pseudo-Finsler metrics are also charac-
terized by the equation in part (i) of Proposition 6.1. Then it can be shown
that they are analytically determined as in Example 5.6.
Corollary 7.2. Let (M,T, L) be a simply connected pseudo-Finsler mani-
fold. If (M,T, L) is either locally homogeneous, or real-analytic, then every
local Killing field for (M,T, L) admits a global extension.
Proof. By Proposition 7.1, the sheaf of local Killing fields of (M,T, L) is
admissible. The conclusion will follow from Theorem 3.8, once we show that
the sheaf is regular. If (M,T, L) is locally homogeneous, then the regularity
follows from the fact that the sheaf of Killing vectors is a full sheaf and
Proposition 5.13. For the real-analytic case, we will apply Theorem 5.9.
Consider any point p ∈M and an open (simply-connected) subset U which
contains p and it admits a coordinate system. Now let q ∈ U and K a local
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Killing field of (M,T, L) defined in U ′ ⊂ U, with q ∈ U ′ and K˜, the lifting to
T which is a local Killing field of (T, gL). Observe that as the sheaf of local
Killing fields of a pseudo-Riemannian manifold is admissible and regular
(when all the data is analytic), then K˜ can be extended to a Killing field
Kˆ in U˜ = π−1(U). Moreover, as such extension is projectable on an open
subset of U˜, Lemma 5.10 ensures that K˜ is projectable on the entire U˜. The
projection is an analytic extension of K to U, as required to apply Theorem
5.9. 
8. Affine fields of sprays
Let us consider a manifold M and a spray S in a conic subset A of the
tangent bundle TM, which by definition is a vector field in A which, in the
natural coordinates (x1, . . . , xn, y1, . . . , yn,Ω×Rn) for TM associated with
a coordinate system (ϕ = (x1, . . . , xn),Ω) of M, is expressed as
S =
n∑
i=1
(yi
∂
∂xi
− 2Gi
∂
∂yi
)
where Gi are positive homogeneous functions of degree two on TΩ ∩A (see
[31, Chapter 4]). The geodesics of the spray are the projections in M of the
integral curves of S in A and an affine vector field of the spray is a vector
field K ∈ X(M) whose flow preserves the geodesics of the spray. Associated
with any spray, we can define the Berwald connection, which is determined
by the Christoffel symbols
Γ ijk(x, y) :=
∂2Gi
∂yj∂yk
(x, y)
moreover, the non-linear connection is determined by
Nij(x, y) :=
∂Gi
∂yj
(x, y).
With the help of the Christoffel symbols, which are positive homogeneous
of degree zero, for every A-admissible vector field V (here A-admissible
means that at every point p ∈ M takes values in Ap = A ∩ TpM), we
can define a linear connection ∇V which is torsion-free, and for every curve
α : [a, b] → M, and every admissible vector field W along α, namely, with
W(t) ∈ A for every t ∈ [a, b], a covariant derivative DWα . In fact, the
geodesics of the spray are characterized by the equation Dα˙αα˙ = 0. Then we
can also define the Berwald tensor as
BV(X, Y, Z) =
∂
∂t
(
∇V+tZX Y
)
|t=0,
where X, Y, Z are arbitrary smooth vector fields on Ω (see [31, Ch. 6]). Let
us observe that the tensor BV is symmetric in its first two arguments because
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∇V is torsion-free. Moreover, in coordinates BV is given by
BV(X, Y, Z) = X
jYkZlBijkl(V)
∂
∂xi
,
where Bijkl(V) =
∂Γ ijk
∂yl
(V) = ∂
3Gi
∂yj∂yk∂yl
. In particular, it is clear that the
value of BV (X, Y, Z) at a point p ∈ Ω depends only on V(p) and not on the
extension V used to compute it and BV is symmetric. From the homogeneity
of ∇V , namely, from the property ∇λV = ∇V for every λ > 0, it follows
easily that BV (X, Y, V) = 0 and by the symmetry:
BV (V,X, Y) = BV(X,V, Y) = BV(X, Y, V) = 0. (8.1)
Now observe that proceeding as in [14], we can relate the curvature tensor of
the affine connection ∇V with the Berwald curvature tensor. More precisely,
proceeding in an analogous way to [14, Theorem 2.1], we get
RV (X, Y)Z = RV (X, Y)Z + BV(Y, Z,∇
V
XV) − BV(X,Z,∇
V
YV), (8.2)
where
RV (X, Y)Z =
[
ZiYj(Xp
∂Γkij
∂xp
(V) − XmNlm(V)
∂Γkij
∂yp
(V))
− ZiXj(Yp
∂Γkij
∂xp
(V) − YmNlm(V)
∂Γkij
∂yp
(V))
+ZiYjXm
(
Γ lij(V)Γ
k
lm(V) − Γ
l
im(V)Γ
k
lj(V)
)] ∂
∂xk
.
Let us consider an A-admissible two parameter map
Λ : [a, b]× (−ε, ε)→M, (t, s)→ Λ(t, s).
(Here ‘A-admissible’ means that ∂tΛ(t, s) =
∂Λ
∂t (t, s) ∈ A for every (t, s) ∈
[a, b] × (−ε, ε)). Moreover, denote βt : (−ε, ε) → M defined as βt(s) =
Λ(t, s) for every t ∈ [a, b] and γs : [a, b]→M defined as γs(t) = Λ(t, s) for
every s ∈ (−ε, ε). Then for every smooth vector field W along Λ we define
the curvature operator
RΛ(W) := D∂tΛγs D
∂tΛ
βt
W −D∂tΛβt D
∂tΛ
γs
W, (8.3)
and proceeding as in [14, Theorem 1.1] and taking into account (8.1), we
get
RΛ(W) = Rγ˙(γ˙, U)W + Bγ˙(U,W,D
γ˙
γγ˙), (8.4)
whereU is the variational vector field ofΛ along γ, namely, U(t) = ∂sΛ(t, 0).
We can now characterize affine fields of sprays.
Proposition 8.1. A vector field K ∈ X(M) is an affine field of a spray
(A, S) if and only if for any geodesic γ : [a, b]→M of the spray, it holds
Dγ˙γD
γ˙
γK+ Rγ˙(γ˙, K)γ˙ = 0. (8.5)
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Proof. If K is an affine field and ϕs is its flow, consider the two-parameter
map Λ(t, s) = ϕs(γ(t)), which is defined in [a, b] × (−ε, ε) for ε > 0 small
enough. Observe that for every s, the curve γs is a geodesic and then
D
γ˙s
γs γ˙s = 0. Therefore, D
γ˙s
βt
D
γ˙s
γs γ˙s = 0 and using (8.3) and (8.4), we get
Rγ˙s(γ˙s, K)γ˙s = −D
γ˙s
γs
D
γ˙s
βt
γ˙s.
As the Berwald connection is torsion-free, Dγ˙sβt γ˙s = D
γ˙s
γsβ˙t and (8.5) follows.
For the converse, assume that K is a vector field that satisfies (8.5) for
any geodesic γ : [a, b]→M. Let t0 ∈ [a, b] and α : (−ε, ε)→M an integral
curve of K with α(0) = γ(t0). Now obtain a vector field W along α by
translating with the flow of K the vector γ˙(t0) and consider the geodesic γs
starting at α(s) with velocity W(s) for every s ∈ (−ε, ε). We obtain in this
way a two-parameter map Λ : [a, b]× (−ε, ε) →M given by Λ(t, s) = γs(t)
for every (t, s) ∈ [a, b]× (−ε, ε). As the longitudinal curves of the variation
are geodesics, then the variation vector field along any γs is a Jacobi field
that satisfies (8.5). Moreover, the vector K induced a vector field along
Λ, which has to coincide with the variational vector field of Λ, because it
is also a Jacobi field along every γs with the same initial conditions in t0
(remember that the Berwald connection is torsion-free and then Dγ˙sγsK =
D
γ˙s
α γ˙s). This concludes that the flow of K maps γ into the γs and then it
preserves geodesics, as desired. 
Proposition 8.2. The sheaf of local affine vector fields of a spray is admis-
sible.
Proof. Observe that given a point q ∈ M, it is always possible to find a
geodesic γ : [0, 1] → M for the spray S such that γ(1) = q and p = γ(0)
and q are non-conjugate along γ (see [16, Remark 3.2]). Let us see first
that the sheaf of local affine vector fields satisfies the unique continuation
property. Assume that U is a connected open subset of M that admits an
affine field K which is zero in an open subset V ⊂ U. If K is not zero in all
U, then as U is connected there exists a point q ∈ U in the boundary of
the zeroes of K. Choosing a geodesic γ as above with image in U, as p and
q are non-conjugate, we can find open subsets V˜ ⊂ U of q and Vˆ ⊂ TpM
such that expp : Vˆ → V˜ is a diffeomorphism. Observe that K restricted
to geodesics is a Jacobi field, and recall that a Jacobi field of a geodesic
σ : [a, b] → M is determined by K(σ˙(t0)) and ∇
σ˙
σ˙K(t0) with t0 ∈ [a, b].
Moreover, the operator Ap ∋ v→ ∇
v
vK can be expressed in terms of a frame
E1, E2, . . . , En in an open subset of p as
∇vvK =
n∑
i,j=1
(viEi(K
j)Ej + v
iKj∇vEiEj), (8.6)
with v =
∑n
i=1 v
iEi and K =
∑n
i=1 K
iEi. As K is zero in an open subset of V˜
(this is because q is in the boundary of the set of zeroes of K), it follows that
K(p) = 0 and ∇viviK(p) = 0 for v1, v2, . . . , vn linearly independent vectors in
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V˜ (which is always possible because V˜ is open). We can then construct a
linear system of equations using (8.6) for vi, i = 1, . . . , n:
n∑
i=1
vilEi(K
j) = 0
where vl =
∑n
i=1 v
i
lEi and l, j = 1, . . . , n. As v1, . . . , vn are linearly inde-
pendent, the square matrix {vil} has rank equal to n and then, we conclude
that Ei(K
j) = 0 for i, j = 1, . . . , n in the point p. This implies using (8.6)
that Ap = 0 for every admissible v and then that K is zero in all V˜ contra-
dicting that q belongs to the boundary of the zeroes of K.
Let us see now that it is bounded rank. Given an open subset U and an
affine field K on U, choose as above a geodesic γ : [0, 1] → U with p = γ(0)
and q = γ(1) non-conjugate along γ, V ⊂ U a neighborhood of q and
Vˆ ⊂ TpM such that expp : Vˆ → V is a diffeomorphism. Now observe that
K(p) and the operator Ap (defined above) determine the value of K in V ,
and by the unique continuation property in all U. The identity (8.6) implies
that K and Ap are determined by K
i, Ei(K
j), i, j = 1, . . . , n in any frame
E1, E1, . . . , En and then the dimension of affine fields in U is bounded by
n2 + n.

Given a vector field X ∈ X(U) we will denote by Xc, its natural lift to TU.
The following results is well-known (see [34]).
Proposition 8.3. A vector field X ∈ X(U) is affine for the spray manifold
(M,S) if and only if [Xc, S] = 0.
In particular, the last proposition implies that the sheaf of affine fields
is analytically determined. Indeed, assume that TU ⊂ TM admits an ana-
lytic Riemannian metric g and an analytic orthogonal frame E1, E2, . . . , E2n.
Then the collection A(U) of functions consists in one function F : Xω(U)→
Cω(U) defined as F(X) =
∑2n
i=1 g([X
c, S], Ei)
2.
For our main result on this section, two additional ingredients are needed.
On the one hand, the following lemma which proof is a straightforward
consequence of the fact that the exponencial map is a local diffeomorphism
in conjugate points.
Lemma 8.4. Let (M,S) be a spray and assume that γ : [0, 1] → M is a
geodesic of (M,S) without self-intersections and such that γ(0) does not have
any conjugate point along γ. Then for every t0 ∈ (0, 1), there exists a convex
open subset Ω ⊂ Tγ(0)M where the exponencial map expγ(0) is defined and
it is a diffeomorphism onto its image, which contains the segment γ|[t0,1].
On the other hand, we also need the notion of reverse spray. Given (M,S)
a spray over A, we define the reverse spray (M, S˜) over A˜ = {v ∈ TM : −v ∈
A} as the spray whose coefficients are G˜i(x, y) = Gi(x,−y), being Gi the
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spray coefficients of S (in some natural coordinate system of TM). Geodesics
of (M, S˜) are exactly the geodesics of (M,S) with reverse parametrization.
Proposition 8.5. The sheaf of local affine vector fields of an analytic spray
is regular.
Proof. We aim to apply Theorem 5.9. It is enough to show that for every
point q ∈ M, there exists a neighborhood U of q such that every affine
vector field K defined in an open subset V ⊂ U extends analytically to a
vector field K˜ in U. Given q ∈ M, consider first a geodesic γ : [0, 1] → M
without self-intersections such that q = γ(1) and there is no conjugate point
to q along γ, denote p = γ(0). Let U be an open subset ofM such that there
exists U˜ ⊂ TpM with the restriction expp : U˜→ U being a diffeomorphism
and such that every u ∈ U does not have any conjugate point along the
geodesic γu : [0, 1] →M defined as γu(t) = expp(t exp
−1
p (u)) (observe that
[16, Remark 3.2] allows us to ensure the existence of γ and U by continuity
of solutions of differential equations) and γu does not have self-intersections.
Now, if K is an affine vector field defined in an open subset V ⊂ U, choose
any p˜ ∈ V , and denote σ = γp˜. Observe that σ˜(t) = σ(1− t) is a geodesic of
the reverse spray (M, S˜) without conjugate points to σ˜(0) = p˜ and without
self-intersections. Then we can apply Lemma 8.4 for some t0 such that
σ˜(t0) ∈ V , obtaining open subsets Ω ⊂ Tp˜M and Ω˜ ∈ M such that Ω is
convex, Ω˜ contains σ˜(t0) and p, and ˜expp˜ : Ω→ Ω˜ is a diffeomorphism. We
can assume that the image by ˜expp˜ of the segments {tu ∈ Tp˜M : t ∈ R}∩Ω
intersects V by making Ω (and Ω˜) smaller if necessary. Recall that the
restriction of K to geodesics is a Jacobi field (Proposition 8.1). We can
now extend K to a vector field K˜ defined in Ω˜ by using Jacobi fields along
geodesics of (M, S˜) departing from p˜. By Lemma 5.7, K˜ is an affine field. In
this way, we get a vector field in a neighborhood of p. Now we can define
an analytic vector field on U using the exponencial map expp, Jacobi fields
and the initial conditions provided by this extension, which coincides with
the initial K in a neighborhood of σ˜(t0) (just consider the geodesics from p
that remain in Ω˜). This concludes the proof.

Appendix A. Dimension of the group of pseudo-Finsler
isometries
Let (M,T, L) be a pseudo-Finsler structure of index k, as defined in Sec-
tion 7, and let gL be the associated Sasaki metric on T.
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It is proved in [10, Lemma 1] that, given any C2-diffeomorphism f : M→
M, one has the following commutative diagrams:
Tv(TM)
d2f
//
dπ

Tdf(v)(TM)
dπ

TpM
df
// Tf(p)M
TpM
df
//
iv

Tf(p)M
idf(v)

Verv
d2f
// Verd2f(v)
(A.1)
Using this diagram, it is proved in [10] that if f is an isometry of (M,T, L),
then df : T → T is an isometry of gL.
We have the canonical upper bound on the dimension of the isometry
group of a pseudo-Finsler structure.
The map f 7→ df gives a natural injection of Iso(M,T, L) into the isometry
group of the Sasaki pseudo-Riemannian metric gL. Since dim(T) = 2n, then
we have dim (Iso(M,T, L)) 6 n(2n + 1), where n = dim(M). However, the
following sharper estimate holds:
Proposition A.1. Let (Mn,T, L) be a pseudo-Finsler manifold. Then, the
Lie group Iso(M,T, L) has dimension less than or equal to 12n(n + 1).
Proof. Using (A.1), one sees that using the identifications iv : TpM
∼=
−→ Verv
and dπv : Hor
F
v
∼=
−→ TpM, for all f ∈ Iso(M,T, L), both restrictions of d(df)
to Verv and to Hor
F
v of d(df)v coincide with dfv : TpM → Tf(p)M. This
gives dim
(
Iso(M,T, L)
)
6 12n(n + 1). 
Appendix B. Real-analytic compatible connections
In this appendix we give some detail on the proof that real-analytic G-
structures on a real-analytic differential manifold admit a real-analytic com-
patible connection.
Lemma B.1. Let π : E → M be a real-analytic fiber bundle on a real-
analytic differentiable manifold. If π admits a smooth section, then it admits
a real-analytic section.
Proof. Let s be a smooth section of π. By [11, Theorem 5.1, p. 65], Cω(M,E)
is dense in C∞(M,E) in the strong Whitney topology. Thus, s admits real-
analytic approximations in C∞. Clearly, if s ′ is a real-analytic approxima-
tion of s, s ′ need not be a section, i.e., φ = π ◦ s ′ need not be the identity.
However, such a real-analytic approximation s ′ can be found such that π◦s ′
is a (real-analytic) diffeomorphism. This follows from [11, Theorem 1.7, p.
38], which says that the set of C∞-diffeomorphisms is open in the set C∞-
endomorphism of M. The composition s ′ ◦ φ−1 is the desired real-analytic
section of π. 
Corollary B.2. Let Mn be a real-analytic manifold, G ⊂ GL(n) a Lie
subgroup, and let P ⊂ FR(TM) be a real-analytic G-structure on M. Then,
there exists a real-analytic connection ∇ on M which is compatible with P.
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Proof. This is a direct application of Lemma B.1, observing that connections
in the G-principal bundle P → M correspond to sections of a certain fiber
bundle π : E→M that has the same regularity as P. The definition of this
fiber bundle is given by the construction below. First, one consider the affine
bundle E→ P over P, whose fiber Ep at the point p ∈ P consists of all linear
maps L : TpP→ g whose restriction to the vertical space coincides with the
canonical isomorphism (here g is the Lie algebra of G). There is a left-action
of G on the fibers of E, defined as follows: the action of an element g ∈ G
on a linear transformation L : TpP→ g is given by the composition of L:
• with the differential of the action of g in P, on the right;
• with the adjoint Adg, on the left.
Connection forms on P are, by definition, equivariant sections of the affine
bundle E → P, see for instance [29, § 2.2]. In turn, connection forms on P
correspond to principal connections in the bundle P→M (see [29, Theorem
2.2.6] ), where the horizontal distribution of a principal connection is given
by the kernel of a connection form. One has a commutative diagram:
E
g
//
π

E
π

P
g−1
// P;
in this situation, the quotient E = E/G is a fiber bundle over M, whose
sections correspond to equivariant sections of E→ P. which give G-principal
connections in P, correspond to sections of E→M. A real-analytic section
of E is a real-analytic connection compatible with P. 
References
[1] A. M. Amores, Vector fields of a finite type G-structure, J. Differential Geom. 14
(1979), no. 1, 1–6.
[2] N. Aronszajn, A unique continuation theorem for solutions of elliptic partial differ-
ential equations or inequalities of second order, J. Math. Pures Appl. (9) 36 (1957),
235–249.
[3] A. V. Bagaev, N. I. Zhukova, Automorphism groups of G-structures of finite type
on orbifolds, Sibirsk. Mat. Zh. 44 (2003), no. 2, 263–278; translation in Siberian Math.
J. 44 (2003), no. 2, 213–224.
[4] E. Caponio, M. A. Javaloyes, and M. Sa´nchez, Wind Finslerian structures: from
Zermelo’s navigation to the causality of spacetimes, arXiv:1407.5494 [math.DG].
[5] G. D’Ambra, Isometry groups of Lorentz manifolds, Invent. Math. 92 (1988), no. 3,
555–565.
[6] R. G. Bettiol, B. Schmidt, Three-manifolds with many flat planes, preprint 2014,
arXiv:1407.4165.
[7] S. Dumitrescu, K. Melnick, Quasihomogeneous three-dimensional real anaytic
lorentz metrics do not exist, preprint 2014, arXiv:1406.2302v1.
[8] C. Ehresmann, Sur les pseudogroupes de Lie de type fini, C. R. Acad. Sci. Paris 246
(1958), 360–362.
GLOBAL EXTENSION PROPERTY FOR SHEAVES OF LOCAL FIELDS 35
[9] R. Gallego Torrome´, Averaged structures associated with a Finsler structure,
arXiv:math/0501058v9.
[10] R. Gallego–Torrome´, P. Piccione, On the Lie group structure of pseudo-Finsler
isometries, Houston J. Math. 41 (2015), No. 2, 513–521. (arXiv:1311.0199)
[11] M. Hirsch, Differential topology, Graduate Texts in Mathematics, No. 33. Springer–
Verlag, New York–Heidelberg, 1976.
[12] A. Ionescu, S. Klainerman, On the local extension of Killing vector-fields in Ricci
flat manifolds, J. Amer. Math. Soc. 26 (2013), no. 2, 563–593.
[13] M. A´. Javaloyes, Chern connection of a pseudo-Finsler metric as a family of affine
connections, Publ. Math. Debrecen, 84 (2014), 29–43.
[14] M. A´. Javaloyes, Corrigendum to “Chern connection of a pseudo-Finsler metric as
a family of affine connections”, 85 (2014), pp. 481–487.
[15] M. A. Javaloyes, L. Lichtenfelz, and P. Piccione, Almost isometries of non-
reversible metrics with applications to stationary spacetimes, J. Geom. Phys. 89 (2015),
38–49.
[16] M. A. Javaloyes and P. Piccione, Conjugate points and Maslov index in locally
symmetric semi-Riemannian manifolds, Differential Geometry and its Applications,
24 (2006), pp. 521–541.
[17] M. A. Javaloyes and M. Sa´nchez, On the definition and examples of Finsler
metrics, Ann. Sc. Norm. Super. Pisa Cl. Sci., XIII (2014), pp. 813–858.
[18] M. A. Javaloyes and B.L. Soares, Geodesics and Jacobi fields of pseudo-Finsler
manifolds, arXiv:1401.8149v2. To appear in Publ. Math. Debrecen.
[19] M. A´. Javaloyes and H. Vito´rio, Zermelo navigation in pseudo-Finsler metrics,
arXiv:1412.0465 [math.DG] (2014).
[20] S. Kobayashi, K. Nomizu, Foundations of differential geometry, Vol. I. Reprint
of the 1963 original. Wiley Classics Library. A Wiley-Interscience Publication. John
Wiley & Sons, Inc., New York, 1996.
[21] S. Kobayashi, K. Nomizu, Foundations of differential geometry, Vol. II. Reprint
of the 1969 original. Wiley Classics Library. A Wiley-Interscience Publication. John
Wiley & Sons, Inc., New York, 1996.
[22] S. Kobayashi, Transformation groups in differential geometry, Ergebnisse der Math-
ematik und ihrer Grenzgebiete, Band 70. Springer–Verlag, New York–Heidelberg, 1972.
[23] S. G. Krantz, Handbook of complex variables, Birkha¨user Boston, Inc., Boston, MA,
1999.
[24] A. J. Ledger, M. Obata, Compact riemannian manifolds with essential groups of
conformorphisms, Trans. Amer. Math. Soc. 150 (1970), 645–651.
[25] V. S. Matveev, H.-B. Rademacher, M. Troyanov, and A. Zeghib, Finsler
conformal Lichnerowicz-Obata conjecture, Ann. Inst. Fourier (Grenoble), 59 (2009),
pp. 937–949.
[26] K. Nomizu, On local and global existence of Killing vector fields, Ann. of Math. (2)
72 (1960), 105–120.
[27] B. O’Neill, Semi-Riemannian geometry. With applications to relativity, Pure and
Applied Mathematics, 103. Academic Press, New York, 1983.
[28] R. Palais, A global formulation of the Lie theory of transformation groups, Mem.
Amer. Math. Soc. No. 22 (1957).
[29] P. Piccione, D. V. Tausk, The theory of connections and G-structures. Applications
to affine and isometric immersions, XIV Escola de Geometria Diferencial. Instituto de
Matema´tica Pura e Aplicada (IMPA), Rio de Janeiro, 2006.
[30] E. A. Ruh, On the automorphism group of a G-structure, Comment. Math. Helv. 39
(1964), 189–204.
[31] Z. Shen, Differential Geometry of Spray and Finsler Spaces, Kluwer Academic Pub-
lishers, Dordrecht, 2001.
36 J. HERRERA, M. A. JAVALOYES, AND P. PICCIONE
[32] I. M. Singer, S. Sternberg, The infinite groups of Lie and Cartan. I. The transitive
groups., J. Analyse Math. 15 (1965), 1–114.
[33] S. Sternberg, Lectures on differential geometry. Prentice-Hall, Englewood Cliffs, N.
J., (1964)
[34] J. Szilasi, A. To´th, Conformal vector fields on Finsler manifolds, Comm. Math.
19 (2011), 149–168.
[35] A. H. Taub, A characterization of conformally flat spaces, Bull. Amer. Math. Soc.
55, (1949). 85–89.
Departamento de Matema´tica,
Universidade de Sa˜o Paulo,
Rua do Mata˜o 1010,
CEP 05508-900, Sa˜o Paulo, SP, Brazil
E-mail address: jonatanhf@gmail.com
Departamento de Matema´ticas,
Universidad de Murcia,
Campus de Espinardo,
30100 Espinardo, Murcia, Spain
E-mail address: majava@um.es
Departamento de Matema´tica,
Universidade de Sa˜o Paulo,
Rua do Mata˜o 1010,
CEP 05508-900, Sa˜o Paulo, SP, Brazil
E-mail address: piccione.p@gmail.com
